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An n-gon of a linear space is a set S of n points no three of which are coUinear. By a 
diagonal point of S we mean a point p off S with the property that at least two lines through p 
intersect S in two points. The number of diagonal points is called the type of S. For example, a
4-gon has at most three diagonal points. We call an n-gon euclidean if (roughly speaking) it 
contains the maximal possible number of 4-gons of type 3. In this paper, we characterize all 
finite linear spaces in which, for a fixed number n ~> 5, any n-gon is euclidean. 
It turns out that these structures are essentially projective spaces or punctured projective 
spaces. 
1. Introduction 
A linear space [4] is an incidence structure 0_ = (~, ~, I) consisting of points, 
lines and incidences such that any two distinct points p and q are incident with a 
unique line (called pq), any line has at least two points and there are at least two 
lines. 
An n-gon of It is a set of n points, no three of which are on a common line. Let 
S= {P l , . . -  ,Pn} denote an n-gon of It. The lines Dij: =PiPj (1~<i, j<~n, i~j)  
are called the diagonals of S. A point outside S which is incident with at least two 
diagonals is said to be a diagonal point. Since any quadrangle (i.e., any 4-gon) has 
at most three diagonal points, the number of diagonal points of an n-gon is at 
most (]) .  3. The set of diagonal points of S will be denoted by ~(S)  and its 
number by d(S). (If n >/6, there may be three or more diagonals passing through 
the same point outside S; in this case, we will understand by d(S) the number of 
unordered pairs of diagonals which intersect in a point outside S.) 
The number d(S) is also called the type of the n-gon S. The linear space It is 
said to be of type T (with respect o n-gons), if 
T = {d(S) IS is an n-gon of It}. 
In the sequel, we shall write Tn if T denotes the type of It with respect o 
n-gons. 
In [1, 2, 5], Buekenhout, Metz and Totten have studied the type of a linear 
space with respect o quadrangles. One of their main results is the following 
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Theorem. A finite linear space O_ is of  type {2, 3}4 if and only if O_ is a punctured 
projective plane of  order n >i 3. 
The aim of this paper is to begin with a classification of linear spaces based on 
the type with respect o n-gons, n ~> 5. Since already for n = 5 we have to consider 
216= 65 536 possible classes, such a classification seems to be out of reach. So, 
our first step is to look for those linear spaces in which the quadrangles in an 
n-gon have a certain distribution. 
Let S be an n-gon (n i> 5) of fl_ of type m. By the euclidean algorithm, there are 
unique integers r and t with m = 3t + r and 0 ~< r ~< 2. The n-gon S is called 
euclidean, if it has type 0 or (2)" 3, or if it has exactly t quadrangles of type 3 and 
(at least) one quadrangle of type r. In other words, S is euclidean, if it has at most 
one quadrangle of type 1 or 2. 
If P is a projective space, then any n-gon of P is euclidean. This is due to the 
fact that a quadrangle of P has type 3 if its points are coplanar, and type 0 if not. 
The following theorems how that the finite projective spaces (and the punctured 
projective spaces) are characterized by this fact. 
Theorem A. Let U_ be a finite linear space in which any 5-gon is euclidean. 
Suppose furthermore that any line of  fl_ has at least four points. Then fl_ is a 
projective space of  order n >- 3 or a punctured projective space of  order n >1 4. In 
particular, we have 
T(Q_)= {15}5 
T(D_) = {14, 15}5 
T(I_) = {0, 3}5 
T([L) = {0, 3, 15}5 
T(L) = {0, 2, 3, 14, 15}5 
¢~ 0_ is a projective plane of  order n >1 4, 
¢~ fl_ is a punctured projective plane of  order 
n >14, 
¢:> fl_ is a projective space of  dimension d >I 3 
and order n = 3, 
<:> ~_ is a projective space of  dimension d >t 3 
and order n >1 4, 
¢:> 1_ is a punctured projective space of  dimen- 
sion d >i 3 and order n >1 4. 
Furthermore we were able to determine precisely the nature of the planes of U_ 
also in the case where there exist lines with just three points. 
Theorem B. Suppose that O_ is a finite linear space in which any line has at least 
three points with the property that any n-gon (n >I 6) is euclidean. Then g_ is a 
projective space. In particular, 
T(~_) c ai" 3(~)I ai e No • 
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We remark that we could also weaken the hypothesis that any line of It has at 
least two points, but this would lead to very technical considerations in Section 2. 
Theorem B will follow as a corollary from Theorem A. 
2. Non-existence theorems 
Throughout Sections 2, 3 and 4 we denote by Q_ a finite linear space in which 
any 5-gon is euclidean. Furthermore we suppose in this section that any line of 0_ 
has at least three points. 
The following notation turns out to be very useful for our purposes. If 
F = {p~, P2, P3, P4, PS}, we denote its quadrangles and its diagonal points (if they 
exist!) as follows: 
Q1 = {pi, P2, P3, P4}, 
Q2 = {pl, p2, p3, p5}, 
Q3 = {pl ,  p2, p4, P5}, 
Q4 "- {P l ,  P3, P4, P5}, 
Q5 = {p2, P3, P4, P5}, 
dl -" D12 n D34, 
d4 = D12 n 035 ,
d7 "- D12 n D45, 
dl0 = D13 n 045 , 
d13 = 023 n 045 , 
d2 = D13 N 024, 
d5 = D13 n 025, 
ds = D14 n D25, 
dn = D14 n 035, 
d14 = 024 n 035, 
d3 = D14 n D23, 
d6 = 015 n 023, 
d 9 = D15 n 024, 
diE -- D15 (3 034 ,
d~5 = D25 n D34. 
The aim of this section is to show that under these hypotheses any 5-gon of It 
has type 0, 1, 2, 3 or 14, 15. This will enable us to show that if It has singular type 
{m}5, then m = 15 and It is a projective plane. 
Theorem 2.1. In 11, there does not exist a 5-gon of type m with 4 <~ m <<- 13. 
Proof. Assume to the contrary that there is a 5-gon F = {Pl, P2, P3, P4, P5} of 
type m with 4 ~< m ~< 13. 
Case 1. 7<~m<~9 
Since F is euclidean, there are two quadrangles of type 3 in F, say Q1 and QE. 
Without loss of generality, Q3 is the only other quadrangle in F which has not 
type 0. We may assume that PiPE and P4P5 intersect each other. 
Consider now the 5-gon F '= {P2, P3, P5, d2, d7}. It contains the quadrangles 
{P2, P3, PS, dE} and {P2, P3, P5, d7}, which have type 1 or 2. Hence, F '  cannot 
be euclidean, a contradiction. 
Case 2. 10~<m~<12 
Let Q1, Q2, Q3 be the quadrangles of type 3 and denote by Q4 the other 
quadrangle of F which has not type 0. We may assume that dlo exists. Then the 
5-gon {P2, P3, P5, dl ,  dlo} contains the quadrangles {P2, P3, Ps, d~} and {P2, P3, 
P5, dlo} of type 1 or 2. 
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Case 3. m = 13 
Let Q5 be of type 1, and suppose that d13 exists. Then the 5-gon {P3, P4, Ps, 
d2, d8} has the quadrangles {P3, P4, Ps, d2} and {P3, P4, Ps, d8} of type 1 or 2. 
Case4. m=6 
Let Q1 and Q2 be the quadrangles in Fof  type 3. If p5, d~, d3 are not collinear, 
then the 5-gon {Pl, P3, Ps, dl, d3} is not euclidean. If Ps, dl, d 3 are collinear, 
then the 5-gon {Pl, P4, Ps, dl, ds} has type m with 7 ~< m ~< 13, a contradiction to 
the previous cases. 
Case5. m=5 
Suppose that Qx has type 3 and Q2 has type 2 such that D15 and 023 do not 
intersect. If dl, dE, d 3 and P5 are collinear, then the 5-gon {Pl, P4, PS, dl, ds} 
has type 7. Suppose now that d,, dE, d3 and P5 are not collinear. Assume that d,, 
dE, P5 are not collinear. Then the 5-gon {P2, P3, P5, dl, dE} is not euclidean. So, 
da, dE, P5 are collinear and we may consider the 5-gon F' = {Pl, P2, Ps, dE, d3}. 
The quadrangle {Pl, P2, Ps, d2} has type 1 or 2. Since F' is euclidean and the 
quadrangle Q '= {px, p2, dE, d3} has type at least 2, Q' must have type 3. So 
PiPE and dEd 3 intersect in a point q. Consider now the 5-gon {P3, P4, Ps, dE, d3} 
which must have type 4 by the previous cases. Hence, P2P3 ( = pad3) and psd2 do 
not intersect. Now, the 5-gon {P2, P3, Ps, dE, q} has type m with 10 ~< m ~< 13. 
Case 6. m = 4 
Suppose that Q1 has type 3, Q2 has type 1 such that D12 and D35 do intersect. 
We distinguish four possibilities. 
Possibility 1. The points dl, dE, d3 and P5 are collinear. Then the 5-gon {P2, 
P4, P5, d3, d4} has type 7, a contradiction. 
Possibility 2. P5 is incident with didj for exactly one pair (i, j) with 1 ~< i < j  ~ 3. 
If P5 1 did 2 (or P5 1 did3), then the 5-gon {p,, P3, Ps, dl, d3} (or {P2, P3, Ps, dl, 
dE}, respectively), is of type m with 5 <~ m ~< 13. If p5 IdEd3, then {P2, P3, Ps, dl, 
dE} is a non-euclidean 5-gon. 
Possibility 3. The points d~, d2, d 3 are coUinear, but P5 lies not on did 2. 
Consider the 5-gon F ' -  {Pl, P5, dE, d3, d4}. Since F' is euclidean, either the 
lines P~P5 and dEd4 and the lines p~d4 and psd2 or the lines pld2 and dad4 and the 
lines pld3 and d2d 4 must intersect. In the first case, {P2, P3, P5, dl, d2} is a 5-gon 
of type m with 7 ~ m <~ 13. Otherwise the 5-gon {P3, P4, d2, d3, d4} yields a 
contradiction. 
Possibility 4. The points d~, dE, d3 are not collinear. 
Consider the 5-gon F' = {P2, P4, P5, d3, d4}. Again we have to distinguish two 
cases. 
(a) The lines PEP4 and d3d 4 intersect in a point ql, and the lines p2d3 and p4da 
have a point q2 in common. 
If de, d3, d4 were non-collinear, then the 5-gon {P3, P4, dz, d3, d4} would have 
type m with 7 ~< m <~ 13. Hence d2, d3, d4 are collinear, in particular, q, = dE. 
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Considering the 5-gons {Pl, P4, Ps, d2, d4}, {P4, Ps, dl, d2, d4} and {P2, P4, d~, 
d3, qs} we see that the points q3=pld2Np4d4, q4=p4dlAd2d4, qs=p4d4N 
dld2, and q6 =P2P4 f)d3q5 exist. Now, the 5-gon {Pl, p3, p4, d4, q6} has type m 
with 7 ~< m ~< 13. 
(b) The lines P2P5 and d3d 4 and the lines p2d4, psd3 intersect each other. 
If d2, d3, d4 were collinear, then P2P4 and d3d4 would intersect in d2. So we 
could apply case (a), otherwise F '  would have type m with 5 ~< m ~< 13. Hence d2, 
d3, d4 are not collinear, and we get the 5-gon {P4, P5, dl, d3, d4} of forbidden 
type. [] 
Our next aim is to show that there is no linear space of type {m}5 with m ~< 3 
satisfying our hypotheses. It is easy to see that there does not exist a finite linear 
space of type {0}5. (Namely, if there is a quadrangle which is not contained in a 
5-gon, then 11 has a 2-line; if, on the other hand, any quadrangle can be extended 
to a 5-gon, then, by [1], 1_ is a direct product of points and lines; so, in particular, 
11 contains a 2-line.) 
In order to formulate the next proposition, we need some more notations. If Q 
is a quadrangle, we denote by (Q) the set of all points which are on a diagonal of 
Q. Similarly, for a 5-gon F, (F) is the set of all points on its diagonals. 
If Q is a set of points of the linear space 11, we define the strong span of Q as 
the set << Q >> of all points p which are on a line which has at least two points in 
common with Q. One cannot expect that << Q>> is a linear subspace of 11; 
however, << Q >> is in a natural way a linear space, if Q has three non-collinear 
points. 
In the sequel, the following linear spaces 111, 112 and 113 will play an important 





Theorem 2.2. Let F = {P l , . . . ,  Ps} be a 5-gon of type m such that also the 
quadrangle Q = {pl, • • • , P4} has type m (1 ~< m ~< 3). I f  P5 ~ << (Q) >>, then 
< Q > = << Q >> and < Q > is isomorphic to 111, Q-2 or 113. 
Proof. Our first claim is that any line G through P5 has at most two points in 
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common with (Q). In order to prove this, we may assume that G has two points 
ql, q2 on (Q). 
Case1. q l e Q. 
Since F has type m, Psqx intersects (Q) only in ql. So, [(G) N (Q)[ = [psql N 
(Q)]- 1. 
Case 2. ql, q2 e (Q)\Q. 
First, let us consider only the case m = 1. The four different possibilities for ql 
and q2 are listed below; in all cases except (d2)---we get a contradiction, since 
there exists a 5-gon F '  of type m with 4 <~ m ~< 13. 
(a) ql ID12, q2 ID34; consider F '  = {P2, P3, P4, Ps, ql}- 
(b) qllDx4, qEIDE3. If dllqlq2 consider F '=  {P2, P3, P4, Ps, ql}; if 
d14Pqlq2, then F '= {Pl, P3, dl, ql, q2} yields a contradiction. 
(c) ql ID13, q2 ID23. If dl lqlq2 (or dl~qlq2), then F '  = {Pa, P2, P4, ql, q2} 
(or F'  = {Pl, P3, Ps, dl, q2}) will lead to a contradiction. 
(d) ql ID23, q2 IDLE. If q2 ~ dl, then F' = {P2, P3, P4, Ps, q2} has forbidden 
type. So, 
(d2) qE=dl. Then the points P l , . . .  ,Ps, ql, q2 form a l inear space 
(isomorphic to) 0-1. 
Now we claim << (Q) >> ~ ~-1. 
Clearly, Psql f ')PlP4=~ (otherwise we would get a contradiction as in (b)). 
Assume now that there is a point q3 E << (Q) >> with q3 ~ {P l ,  • • • , Ps ,  q l ,  q2}- 
Again, there are different cases, and in each case we get a 5-gon F'  of forbidden 
type. 
q3 Ipsdl: F'  = {Pl, P2, P3, Ps, q3}- 
q31D13: F' = {Pl, PE, Ps, ql, q3}, 
analogously, the diagonal 024 can be handled. 
q3 1 D12" F '  -- {/91, P3, Ps, ql, q3); 
similarly, the diagonal D34 can be handled. 
q3 ID14: F'  = {P2, P4, dl, ql, q3}. 
q3 1023: F '  = {Pl, P3, P5, dl, q3}. 
q3 Iplql: F'  "- {Pl, P2, P3, P4, q3}; 
analogously, the line P4ql can be handled. 
From this, we conclude << (Q)>> ~ fl-1; moreover, any line G through P5 which is 
not in << (Q) >> satisfies [(G) tq (Q)[ ~< 1. 
It remains to show that any line PsPi (1 ~< i ~< 4) is a 2-line. Assume to the 
contrary that for an i with 1 ~< i ~< 4, the line PsPi has a further point q. Without 
loss of generality we may suppose i = 4. Then q ~ (Q), since F has type 1. Now 
we show that q is contained in << (Q)>>. (Then, by our above considerations, 
q = Ps, a final contradiction.) 
Assume q ~ << (Q) >>. Then p4dl fq qlq = ~- Since dlql Np4q =P2, the quad- 
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rangle Q' = {P4, dl, qt, q} has type 1 or 2. Consider the 5-gon F'  = Q' U {P2}. 
This 5-gon has another quadrangle of type t>1, namely {P2, p4, da, ql}. Since F '  
is euclidean, F '  has type >14. Therefore, by Theorem 2.1, F '  has type 14. In 
particular, the lines P2q and p4dl intersect in a point s. Therefore q Ip2s, and pzs 
intersects (Q) in at least two points. In other words, q e << (Q) >>. 
The cases m = 2 and m = 3 can be handled similarly. Therefore, we shall only 
list the 5-gons F '  which give the contradictions. We shall use the same notations 
as above. 
m = 2. Suppose first ql = di (i = 1, 2). Then one shows as above << (Q) >> ~ fl-2. 
Suppose now qa, qz 4= dr, d2. If qa 1023, q2 ID13, consider F '  = {P2, P3, P4, 
P5, q2}. If ql ID23, q2 ID14, put F '  = {P2, P4, dl, ql,  q2}- In the case ql ID13 , 
q21024, the 5-gon F '= {Pl, P2, P3, P5, q2} yields a contradiction, and if 
ql I D13 , q2 1 012 , the 5-gon F '  = {px, P4, P5, dE, q2} has a forbidden type. 
Then one proves that PsPi is a 2-line (1 <~ i ~< 4). This shows < Q > = << (Q) >> 
~--- ~-2- 
m = 3. In this situation, one shows first that q], q2 E {da, d2, d3} and that dl, d2, 
d3 are collinear. Then it follows similar as above < Q > = << (Q) >> -- n-3. [] 
Corollary 2.3. f f  the finite linear space 0_ has type {m}5 (0<~m ~< 15), then m = 14 
or m = 15. 
Proof. By Theorem 2.1, m e {0, 1, 2, 3, 14, 15}; moreover m 4 = 0, since any line 
has at least three points. Therefore assume m e {1, 2, 3}. Since L is euclidean, 
there exists a quadrangle Q = {p l , . . . ,p4}  of type m contained in a 5-gon 
F=QO{q}.  
If q e << (Q) >>, then, by Theorem 2.2, < Q > ~ 0_,,,; in particular, the subspace 
< Q > of 0_ has a 2-line, a contradiction. 
Suppose now q ~ << (Q) >>. If q is the only point of 1_ outside (Q), then any line 
through q has only two points. Consider now an arbitrary point q'4= q outside 
(Q). It is sufficient o show that q', q, p/are not collinear (1 ~< i ~< 4). (Then any 
line joining a point outside (Q) with a Pi is a 2-line.) 
Assume therefore, that there is such a q' on qPi, say on qP3. Consider the 
5-gon F '  = {Pl,  P2, P4, q', q}. 
Suppose first m = 1. Since F '  has type 1, there is a quadrangle Q' _c F '  of type 
1. Say, Q' = {pl, p4, q', q} with diagonal point d'~ =Plq Np4q'. Then the 5-gon 
{pl, p4, q', di, q} has type 1>2, a contradiction. 
Consider now the case m = 2. Let Q' = {pl, p2, q', q} ~-- F'  be the quadrangle 
of type 2 with diagonal points d'x-'pxq CIPEq' and d~=p2q Nplq'. Then the 
5-gon {Px, P2, q, d2, q'} has a type between 5 and 13. 
Finally, if m = 3, the 5-gon F '  has a type ~<2, contradicting m = 3. 
Hencem=14orm=15.  [] 
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Theorem 2.4. Let Q_ be a finite linear space all whose 5-gons are euclidean. 
(a) fl_ has not type {14}5. 
(b) ffl_ has type {14, 15}5, then L is a punctured projective plane of order n >14, 
and conversely. 
(c) D_ has type {15}5, if and only if D_ is a projective plane of order n >14. 
Proof. Since any 5-gon of L has type 14 or 15, any quadrangle has type 2 or 3. 
Therefore the main theorem of [1] applies. It follows that [L is a projective plane 
or a punctured projective plane of order n. Since a (punctured) projective plane 
contains a 5-gon if and only if n i> 4, the theorem is proved. [] 
3. Quasi-planes 
In this section we shall show that a quasi-plane of L either contains only 5-gons 
of type ~3 or only 5-gons of type >~14. By a quasi-plane [6] we mean the span 
E = < x, y, z > of three non-collinear points x, y, z. We call a quasi-plane E of L 
maximal, if it contains at least four points, such that no three are collinear and if 
there is no quasi-plane E' 4: E in L with E ~_ E'. Furthermore we call a 5-gon of 
small (or big) type, if its type is ~3 (or ~>14, respectively). 
Theorem 3.1. Let E = < ql, q2, q3 > be a quasi-plane containing a 5-gon of big 
type. Then E has type {15}5 or {14, 15}5, i.e., E is a projective plane or a 
punctured projective plane. 
Proof. Without loss of generality, there are points P2 on qlq2 and P4 on q2q3 such 
that Q = {ql, P2, q3, P4} is a quadrangle with diagonal point q2. Put Pl" = ql, 
P3"  = q3,  and dl" = qE- 
We may suppose that Q is contained in a 5-gon of E. (If E = (Q), then (Q) 
contains a 5-gon F '  of big type. Since through any point of F '  there are at least 
three lines of degree ~5 and one line of degree ~4 intersecting (Q) on the 
diagonals of Q, Q is contained in the span of a quadrangle Q' ~_ F'. In this case, 
choose Q' as a system of generators for E.) 
Step 1. For any q e << (Q) >>\(Q), the 5-gon Q u {q} has big type. 
Assume to the contrary that there is a point q e << (Q)>>\(Q) such that the 
5-gon F = Q u {q} has small type. Then by Theorem 2.2, we have L,,, --- << (Q) >> 
= < Q > = E, a contradiction since L,,, has no 5-gon of big type. 
We note that in particular Q has at least two diagonal points. 
Step 2. <Q>= <<(Q)>>. 
Namely: It is to show that for any two points rl, 1"2 e << (Q) >>, any point rlrlr2 
is also contained in << (Q) >>. By definition, this is true if 1-1, r2 e (Q). 
Consider now the case rl e (Q), r2 e << (Q) >>\(Q). 
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If r l=pi for an ie{1 , . . . ,4} ,  say rl=p3, we have [ rp3n(Q)[~2,  and so 
r e << (Q) >>, since, by Step 1, the 5-gon Q u {r} has big type. Suppose on the 
other hand, rl ~fPi for all i e (1 , . . . ,  4}. Let rl be on D13. Then the 5-gon (Pl, 
P2, P3, r2, r} has big type, since it contains the quadrangles (pl, P2, P3, r2} and 
{Pl, P3, r2, r} of type/>1. Consequently [rr2 n (Q)[ 1> 2, and so r e << (Q) >>. 
Now we suppose rl, r2 e << (Q) >>\(Q). Then the 5-gon (pl, p2, p3, rl, r2} has 
big type by Step 1. At least two of the lines D12 , D13 , 023 intersect rlr2. 
Consequently, [rrl n (Q)l >~ 2, and therefore r e << (Q) >>. 
Step 3. There does not exist a 5-gon of small type in E. 
For: Consider an arbitrary 5-gon F' = {q~, q2, q3, q4, qs} in E of type t>1. We 
show that F' has type at least 14. In order to do this, we assume that F'  has type 
m <~ 3. Let Q' = {q~, . . . ,  q4} be a quadrangle contained in F'  of type/>1. 
We have to consider several different situations. In each situation, we shall 
handle only one arrangement of F'  in E in detail. All other situations can be 
treated with similar ideas. 
Case 1. q5 e << (Q') >> 
Then, by Theorem 2.2, << (Q') >> ~ n-m; moreover, the pointset ~m of ~-m has at 
least 7 elements. On the other hand, I~m n (Q)I ~< 6. (Otherwise, l-m would have 
a line with at least 5 points, since (Q) contains at least five diagonals of Q of 
degree >15.) 
Now, we restrict our attention to the following particular situation: 
ql, q2, q3 ~ (Q)\ (Q u ~(Q)) ,  q4, q5 ~ (Q); 
ql I D12, q2 1 023 , q3 I D14. 
Let dl ---- O12 n D~ and d E -- D13 n 024 be diagonal points of Q. 
In view of Step 1 we have that Q u {q4} and Q u (qs} both have big type. 
Since ~-m has no line with more than four points, it follows 
qi~t'qjqk (l~<i<~3,4~<j~<5,1<~k<~4). 
Furthermore, Theorem 2.2 implies 
qs~l'q4Pk (1~< k ~4). 
Hence F~ = (pl, P2, P3, q4, q5} is a 5-gon, which contains the quadrangles {Pl, 
P2, P3, q4} and {p~, P2, P3, qs} of type >t2; therefore, F~ has big type. 
Now we claim that also F2 = {ql, P2, P3, q4, qs} has big type. (The quadrangle 
{P2, Pa, q4, qs} has type I>2. Moreover, at least one of the quadrangles {q~, P2, 
P3, q4} and {q~, P2, P3, qs} has type I>1. (If qlP2 np3q4 =PIPE np3q4 = ~ and 
qlpEnp3q5 =plp2np3q5 = ~, then (p~, P2, P3, q4, qs} would have type ~<13.)) 
Similarly, it follows that {pl, q2, P3, q4, q5} has big type. Consequently, the 
5-gon {q~, q2, P3, q4, q5} has big type, since it contains the quadrangles {q~, P3, 
q4, q5} and (q2, P3, q4, qs} of type I>2. NOW, F'  has the quadrangles Q' and 
{ql, q2, q4, q5} of type >11, and so F' has big type. 
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Case 2. q5 ~ << (Q') >> 
Again, we consider only the distribution of the points as in Case 1. As above 
we see that the 5-gons Q LI {q4} and Q t_J {qs} have big type. Since q4, q5 ~ (Q), 
the points q4, q5 are collinear with at most one point of Q. We focus on the 
situation that no three of the points Pl, P2, P3, q4, q5 are collinear. Then also the 
5-gon {Pl, P2, P3, q4, qs} has big type. We have to distinguish now the following 
two cases. 
(a) One of the triples (Pl, q2, q4), (401, q2, qs), (ql, P3, q4) or (ql, P3, qs) 
consists of collinear points. Then < Q' > = < Q > = E. Therefore the assertion 
follows in view of Step 1, since Q' has type t> 1. 
(b) All the triples (Pl, q2, q4), (Pl, q2, qs), (ql, P3, q4) and (ql, P3, q5) consist 
of non-collinear points. We claim that the 5-gon {px, P2, q2, q4, qs} has big type. 
(It contains the quadrangle {p~, P2, q4, q5} of type I>2. Moreover, either 
P2q2 Clplq4 =P2P3 NPlq4 ~ fJ or P2q2 f')Plq5 =P2P3 Nplq5 ~ (J (otherwise, the 
5-gon {Pl, P2, P3, q4, q5} would have type ~<13); consequently, at least one of 
the quadrangles {Pl, P2, q2, q4}, {Pl, P2, q2, qs} has type >/1.) 
Similarly, {pl, q,, P3, q4, qs} is of big type. Hence the same is true for {p,, ql, 
q2, q4, qs}, since it contains the quadrangles {p~, q2, q4, qs}, {PI, ql, q4, qs} of 
type i>2. Finally, F'  contains the quadrangles Q' and {ql, q2, q4, qs} of type I>1; 
consequently, also F'  has big type. 
In order to prove our theorem it remains to show that E has no 5-gon of type 0. 
We assume that there is a quadrangle Q '= {ql, q2, q3, q4} of type 0 with 
(Q') = E. The above arguments how now that for any q e E\(Q'),  the 5-gons 
Q' t3 {q } have type 0. Then there is a 5-gon F of type 0 such that two intersecting 
diagonals of a quadrangle in F have additional points rl, r2. Without loss of 
generality, rllqlq4, r21q3q4. Then the 5-gon {ql, q2, q3, rl, r2} has the 
quadrangles {qx, q2, q3, rl} and {q~, q2, q3, r2} of type ~<2 and the quadrangle 
{ql, q3, rl, r2} of type I>1, a contradiction. 
Together we have proved that E has only 5-gons of big type. By Theorem 2.4 
we conclude that E is either a projective plane or a punctured projective 
plane. [] 
Now we consider quasi-planes of small type. 
Theorem 3.2. Suppose that a quasi-plane E of R_ contains a 5-gon of small type. 
Then E is isomorphic to ~_,,, (1 ~< m <~ 3). It follows in particular that no quasi-plane 
of fl_ contains a 5-gon of type O. 
Proof. Since a linear space of type {0}5 is not connected, E has a 5-gon F of 
non-zero type. It can easily be seen that E is generated by a quadrangle Q of 
non-zero type such that Q is contained in a 5-gon of E. Then there is a point 
q e << (Q) >>\(Q) (otherwise, < Q > = (Q) = E). Now it follows by Theorem 2.2 
<<(Q)>>=<Q>=E-~a_ m. [] 
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Lemma 3.3. Suppose that L has no 5-gon of type O. I lL  has a 5-gon F of type >11, 
which contains a quadrangle of type O, then either 
(i) U_ is a maximal quasi-plane, or 
(ii) U_ is the direct product of a maximal quasi-plane with an isolated point. 
Proof. Let F = {Pl, P2, P3, P4, Ps} contain the quadrangle Q1 of type t>1 and the 
quadrangle Q5 of type 0. Let E1 be the quasi-plane <Pz, P3, P4 > containing Q1, 
and denote by /~ a maximal quasi-plane containing E~. 
Case 1. The points of Q5 are in a common quasi-plane. 
Assume Qs~J~I. Then in particular p5¢/~.  Then there is a maximal 
quasi-plane/~ : /~1 through Qs. Since p5 ¢/~1, there exists a point q e E2\E1 with 
q ~P5 such that Q5 u {q} is a 5-gon. Then this 5-gon has type 0, since Ps, q ¢/~1, 
a contradiction. Hence Q5 ~_/~1, 
Similarly, we get a contradiction if we assume the existence of a maximal 
quasi-plane E2 :~/~1 or the existence of a point which is joined to/~1 only with 
2-lines. Therefore, (i) follows. 
Case 2. The points of Q5 are not coplanar. 
Then any quadrangle Qi ~ Q1 in F has type 0. Assume that there is another 
point q :~ P5 outside/~1. 
(a) If for all i, j with 1 ~< i < j ~< 4 the points Pi, Pj, Ps, q are not coplanar, then 
the 5-gon Q5 t.J {q} has type 0, a contradiction. 
(b) There exist two points Pi, Pj~ Q~ such that q e < Pi, Pj, P5 >. Without loss 
of generality i = 2, j = 3. Assume that P2, Ps, q are coUinear. Then the 5-gon {p~, 
P3, P4, Ps, q} has type 0, a contradiction. Similarly, P3, Ps, q are non-collinear. 
Hence {P2, P4, P5, dz, q} is a 5-gon of type 0, again a contradiction. [] 
Lemma 3.4. Suppose that L is of non-singular type and that type (L)~_ {0, 1, 
2, 3}5. 
(a) If L contains no 5-gon of type O, then L is the direct product of a maximal 
quasi-plane E, which contains no 5-gon, and an isolated point. 
(b) If L has a 5-gon of type O, that L contains two distinct quasi-planes. 
Proof. (a) By Lemma 3.3, there are two possibilities. Either L is a maximal 
quasi-plane E, or L is the direct product of a maximal quasi-plane E with an 
isolated point. 
Assume that E contains a 5-gon F. Then F has type m with 1 ~< m ~< 3, and by 
Theorem 3.2 we get E = ~-m. Since L is of non-singular type, L ~ E. So, L is the 
direct product of E -- L,,, with an isolated point. Since Q-m has a quadrangle of type 
0, [ contains a 5-gon of type 0, a contradiction. 
Hence E has no 5-gon. Since type (n) ~: t~5, L is the direct product of E with an 
isolated point. 
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(b) By Theorem 3.2, no quasi-plane of B_ contains a 5-gon of type O. Since, by 
assumption, there exists a 5-gon of type O, there are two distinct quasi-planes. [] 
4. Proof of the main theorem 
Throughout this section we suppose that the assumptions of the main theorem 
hold. 
First we consider the case in which D_ has no 5-gon of type O. 
Theorem 4.1. Suppose that fl_ is of non-singular type and contains no 5-gon of type 
O. Then L is a punctured projective plane of order n >1 4. 
Proof. If type (~_) ~_ {1, 2, 3}5, then, by Lemma 3.4, ~_ has an isolated point. In 
particular, D_ contains lines with only two points. If type (L) ~_ {14, 15)5, then D_ is 
a punctured projective plane of order n i> 4 (cf. Theorem 2.4). 
Finally assume that Q_ has a 5-gon of type m e {1, 2, 3} and a 5-gon of type t>14. 
In view of Lemma 3.3, either Q_ is a quasi-plane or D_ is a direct product of a 
quasi-plane and an isolated point. The latter case cannot occur, since D_ has no 
line of degree 2. But Theorem 3.1 says that the same quasi-plane cannot contain 
5-gons of big and small type. [] 
Theorem 4.2. Suppose that D_ has non-singular type with 
{0}5 ~_ type(0_) ___ {0, 1, 2, 3, 14, 15}5. 
Then D_ has at least two quasi-planes, and any quasi-plane is one of the following 
- a projective plane; 
- a punctured projective plane of  order n >i 3; 
- the affine plane of order 3, or 
- the affine plane of order 3 with one point at infinity. 
Proof. Consider a quasi-plane E. If E contains a 5-gon, then it follows in view of 
Theorem 3,1 and Theorem 3.2 that E is a (possibly punctured) projective plane of 
order n i> 4. Suppose therefore that E has no 5-gon. Denote by M the maximal 
type of the quadrangles contained in E. 
Case 1. M=I  
Then E contains a quadrangle Q = {pl, p2, p3, P4} of type 1; let dl =PzP2 N 
P3P4 be the diagonal point of Q. The diagonal/923 contains a further point ql. 
Since M = 1, there is exactly one point q2 on q~dl which is incident with D14 or 
D24, say q2 1 D14. Similarly, there exist points q3 1 D13, q4 1/924 with dl I q3q4. 
Assume that there exists a fourth point x on Dz3 with x drp~, P3, q3. Then 
either {P4, dz, q2, q4, X} or {P4, dl, q2, q3, x} is a 5-gon, a contradiction. 
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Similarly one shows that also the other diagonals have just three points. Hence 
I(a)l = 9, consequently, (Q) is the affine plane of order 3. Therefore, E = (Q) is 
the affine plane of order 3. 
Case2. M=2 
Let Q = {pl, p2, p3, P4} be a quadrangle with the diagonal points dl = PlP2 t_J 
P3P4 and d2 =PIP3 Up2P4 of type 2 in E. 
Assume that dld2 has a third point q. Since E = (Q), q is on D23 or D14. 
Therefore {Pl, P4, dl, d2} or {P2, P3, dl, d2} is a quadrangle of type 3, a 
contradiction. 
Case3. M=3 
Let Q = {pl, pz, p3, P4} be a quadrangle of type 3 in E. If the diagonal points 
of Q are collinear, then E = (Q) is the projective plane of order 2. We may 
therefore suppose that Q has non-collinear diagonal points. Consequently IEI i> 8. 
We proceed as follows; the details are omitted here. 
(i) Any point q e (Q)\{Q u ~(Q)} lies on a line didj. 
(ii) 10~ < I(a)l 13. 
(iii) If I(Q)I- 10, then E is the affine plane of order 3 with one point at 
infinity. 
(iv) I(O)l- 11 is impossible, since otherwise E would contain a line of degree 
2. 
(v) If I(Q)I- 12 (or 13), then E is the punctured projective plane of order 3 
(or the projective plane of order 3, respectively). [] 
We finish this section by giving some examples illustrating the above theorem. 
Example a. Any projective space of dimension d t> 3 and order n has type {0, 3}5 
if n = 2, 3 and type {0, 3, 15}5 otherwise. 
Example b. A punctured projective space of dimension d i> 3 and order n has 
type {0, 2, 3}5 if n = 3 and type {0, 2, 3, 14, 15}5 if n/> 4. 
Example c. If one removes from PG(d, 3), d >/3, three non-collinear points, one 
gets a linear space of type {0, 1, 2, 3}5. 
Example d. Deleting a line of PG(d, 3), d I> 3, leaves us with a linear space of 
type {0, 1, 3}5. 
Example . Any Hall triple system [3] has type {0, 1}5. 
Corollary 4.3. Suppose that any line of the linear space n_ has at least four points. 
Then 0_ is a projective space of order n >I 3 (if n = 3, then the dimension of the 
projective space must be at least 3) or a punctured projective space of order n >t 4. 
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5. Linear spaces with euclidean n-gons, n I> 6 
It is easy to see that a linear space in which any n-gon is euclidean (n t> 6) has 
only euclidean 5-gons. So the theorems below will follow as corollaries from our 
results on 5-gons. In the following, let L denote a finite linear space in which any 
n-gon is euclidean (n I> 6). Suppose furthermore that any line of 1_ has at least 
three points. Theorem 2.4 yields immediately. 
Theorem 5.1. If IL is of singular type, then 1_ is a projective plane. 
By the results of Section 4 we know that the only linear spaces of non-singular 
type which do not contain an n-gon of type 0 are the punctured projective planes. 
But it is easy to check that any punctured projective plane has a non-euclidean 
n-gon--if it contains an n-gon at all. Hence we have 
Lemma 5.2. I f  L has non-singular type, then 1_ contains an n-gon of type O. 
Theorem 5.3. Suppose that 1_ is a finite linear space with line sizes >t3 in which any 
n-gon (n >i 6) is euclidean. If L is of non-singular type, then L is a projective space 
of dimension d >13. 
Proof. We have to show that any quasi-plane of tt is a projective plane. Assume 
that there is a quasi-plane E of L which is not a projective plane. In view of 
Lemma 5.2, E must contain an n-gon of type 0. Then Theorem 4.2 implies that E 
is an aline plane of order 3 (possibly with a point in infinity) or a punctured 
projective plane. These structures contain, however, a non-euclidean -gonmif 
they contain an n-gon at all. This contradiction proves the theorem. [] 
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